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f-H I Abstract. Let G be a simple algebraic group over C with the Weyl group W. 

■ For a unipotent element u d G, let Bu be the variety of Borel subgroups of G 

containing u. Let L be a Levi subgroup of a parabolic subgroup of G with the 
Weyl subgroup Wl of W. Assume that u ^ L and let be a similar variety as 
Bu for L. For a certain choice of L, u E L and e > 1, we describe the M^-modules 
®n^k mod e ^'"(^«) for fc = 0, . . . , 6 - 1, in terms of the W^L-module H*{B(^^) 
with some additional data, which is a refinement of the induction theorem due to 
. Lusztig. As an application, we give an explicit formula for the values of Green 

^ ' functions at root of unity, in the case where u is a regular unipotent element in L. 
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0. Introduction 



Let G be a connected reductive group over an algebraically closed field k, and 
W the Weyl group of G. For a unipotent element u & G, let Bu be the variety 
^ I of Borel subgroups containing u. According to Springer [Sp2], Lusztig [LI], W 

acts naturally on the /-adic cohomology group H^{Bu) = H'^{Bu, Qi), the so-called 
Springer representations of W. Assume that = C, or the characteristic p of k 
I is good. Then it is known that H°'^'^{Bu) = 0. We consider the graded ly-module 

^ [ H*{Bu) = 0„>Q Let L be a Levi subgroup of a parabolic subgroup of G. 

Let Wl be the Weyl group of L, which is naturally a subgroup of W . If m G L, 
the variety B^ is defined by replacing G by L, and we have a graded VTi-module 

Lusztig proved in [L3] an induction theorem for Springer representations, which 
describes the VT-module structure of H*{Bu) in terms of the lyL-module structure of 
H*[B^), in the case where u E L. However in this theorem, the information on the 
graded H^-module structure is eliminated. In this paper, we try to recover partly 
the graded IV-module structure, i.e., for a fixed positive integer e, we consider the 
H^-modules Ve,k = 0n=fc mod e^'^'^i^u) foT = 0, . . . , 6 - 1. Let G be a simple 
group modulo center defined over C. We show, under a certain choice of L, u and e, 
that the VT-module V^^k can be described in terms of the graded VTz^-module H*{B^) 



*A part of this work was done during the author's stay in GIB in Lausanne in June 2005. The 
author is grateful for their hospitality. 
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with some additional data. In particular, we see that dim ^ is independent of the 
choice of k. 

In the case where u = 1, H*{Bu) is isomorphic, as a graded Il^-module, to the 
coinvariant algebra of W . In this case V^^k has been studied by many authors, by 
Stembridge [St] for e corresponding to the regular elements in ly, by Morita and 
Nakajima [MNl] for W = &n with e such that 1 < e < n, and by Bonnafe, Lehrer 
and Michel [BLM] for complex reflection groups W in the most general framework. 
Our result partly covers the result of [BLM]. For general u ^ 1, Morita and Nakajima 
[MN2] considered certain types of unipotent elements for G — GL^, which is a special 
case of ours. 

The proof of the induction theorem in [L3] is done by passing to the finite field 
Fg, and using a certain specialization argument g i— > 1 together with the properties of 
Deligne-Lusztig's virtual character Rt{1). Our argument is a variant of that in [L3]. 
We use a specialization Ci where C is a primitive e-th root of unity. Thus our 
argument is closely related to the values of Green functions at root of unity. In the 
case where m is a regular unipotent element in L, we obtain an explicit formula for 
such values, which is regarded as a generalization of the result by Lascoux, Leclerc 
and Thibon [LLT] for the case of Green polynomials of GL^. 

1. The statement of the main result 

1.1. Let k be an algebraic closure of a finite field with ch(A;) = p > or the 
complex number field C. Let G be a connected reductive group G over k. Let B be 
the variety of Borel subgroups of G, and W the Weyl group of G. For any g & G, 
put Bg = {B' e B \ g e B'}. We consider the Springer representations of W on 
//"(fig, Qi) (or on //"(Bg, C) in the case where k = C). 

Let L be a Levi subgroup of a parabolic subgroup P of G. The Weyl group Wl 
of L is naturally identified with a subgroup of W. Let B^ be the variety of Borel 
subgroups of L. For a unipotent element u E L, we consider = {B' E B^ \ u E 
B'}. Thus we have a M^L-module //"(B^,Q,), and a W^-module //"(B„,Qz). The 
induction theorem for Springer representations asserts that 

(Ll.l) ^(-l)-i/-(i3„, QO = Ind^^ [Y.^-irH-{Bl Q,)) 

n>0 n>0 

as virtual H^-modules. 

Remark 1.2. The induction theorem was stated in [AL], with a brief indication 
of the proof, in the case where k = C, and was proved in [L3] for any k. Note 
that if p is good, the unipotent classes in G are parametrized in the same way 
as the case of A; = C, independent of p. Moreover in that case, it is known that 
H^{Bu, Qi) = for odd n. Then the algorithm of computing Green functions implies 
that the W^-module structure of H^{Bu, Qz) is independent of p. Thus by a general 
principle i/"(i3„,Qz) is isomorphic to the W^-module H"-{Bu',C), where u',Bu' are 
the corresponding objects in the algebraic group Gc over C. In what follows, we 
express //"(B„, Q,) or //"(B„/, C) by //"(B„) by abbreviation. 
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1.3. Assume that k — C. We consider the following variant of the induction 
theorem. Let r' be a cyclic group of order e generated by a. Let C be a primitive 
e-th root of unity in C. Let V = 0„>o Vn be a graded H^-module. Then V turns 
out to be a r' X PF-module by defining the action of r' on ^ by ax = Q^x for x e V^. 
We denote by V^^"* the thus obtained F x 1^-module V. 

For u e L,we consider the graded PFL-module H*{B^) — 0„>o H'^'^{B^), where 
the degree n part is given by H'^"'{B^), and similarly we consider the graded W- 
module H*(Bu) = 0„>q Let F be as before. We choose F such that 

F C Ny/iWL)^ and consider the scmidircct product Wl = F \x Wl. We assume 
that the W^^^-module H"{B^) can be extended to a V^L-modulc for each n. (In the 
case where a e ZwiWi), we have Wl = F x Wl. In this case, one can choose 
a trivial extension to Wl, i.e., we may asssume that r(c Wl) acts trivially on 
H*{B^).) Then one can define a T x VFi-module H*{B^) as above, replacing Wl 
by Wl, which we denote by H*{B^Y'^\ (When we need to distinguish the group F 
as the first factor of T x Wl from the subgroup of Wl, we write the latter as Fq.) 
F X VT-modulc H*{Bu)^^^ is defined as before. Put V^'^^ = H*{B^)^^\ and let vP 
be the degree n-part of V^^\ Let us consider the induced H^-module 

wew/WL 

Then Ind{!|^^ V^^^ turns out to be a x W^-moduIc by defining the action of F by 
h{w ® x) = C{wh~^ ® hx) for h e /q) ^ ^ Ki'''', which we denote by r'-Ind^^ V^^\ 

1.4. In the remainder of this paper, we assume that G is simple modulo 
center. Let T C -B be a pair of maximal torus and a Borel subgroup of G. Put 

W = Ng{T) /T. Let L be a Levi subgroup of a parabolic subgroup P of G containing 
B such that L D T. We have Wl = Nl{T)/T. Let <P C X{T) be a root system for 
G with respect to T, with a simple root system 11 (with respect to 5), where X{T) 
is the character group of T. We denote hy ^l the sub system of ^ corresponding 
to L with the simple root system 11^, C 11. Let 11' be the set of simple roots 
which are orthogonal to 11^ with respect to the standard inner product on V — 
R ®z X{T). We denote by V the Levi subgroup containing T corresponding to 11'. 
Let Wl' = Nl'{T)/T be the Weyl group of L'. Then we have W dWlxWl', and 
so Wl' C NwiWL). 

We recall here the notion of regular elements of refiection groups due to Springer 
[Spl]. Let W be a reflection group in GL(y). A vector v G V is called regular if 
V is not contained in any reflecting hyperplane in V. An element a G 1^ is called 
regular if a has an eigenvector v which is a regular element in V. If av — (v, with 
C a primitive e-th root of unity, then the order of a is equal to e ([Spl, 4.2]). In 
particular, if a is regular of order e, there exists an eigenvalue C which is a primitive 
e-th root of unity. 

The regular elements a & W in the case of classical groups are given as follows 
(cf. [Spl]). 
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Type An-i- In this case W — and there are two types of regular elements. 

(a) e is a divisor of n, and a is an n/e-product of (disjoint) e-cycles in &„. 

(b) e is a divisor of n — 1, and a is an (n — l)/e-product of e-cycles in 
Type Bn- There are two types of regular elements. 

(a) e is an odd divisor of n, and a is an n/e-product of positive cycles of length 

e. 

(b) e is an even divisor of 2n, and a is a 2n/e-product of negative cycles of 
length e/2. 

Type Dn- In this case there are 4 types of regular elements. 

(a) e is an odd divisor of n, and a is a product of positive cycles of length e. 

(b) e is an odd divisor of n — 1, and a is a product of positive cycle of length 1 
and (n — l)/e positive cycles of length e. 

(c) n is even, and e is an even divisor of n. a is a product of negative cycles of 
length e/2. 

(d) e is an even divisor of 2n — 2, and a is a product of (n — l)/e negative cycles 
of length e/2 and one cycle of length 1, which is positive or negative according as 
(2n — 2)/e is even or odd. 

Regular elements in the exceptional Weyl groups are listed in [Spl]. 

Returning to the original setting, we consider the subgroups Wl, Wl' of W . Let 
V be the subspace of V generated by TIl'- Wu is realized as a reflection group on 
V . Assume that a is a regular element of Wl' of order e. Let ^ be a primitive e-th 
root of unity, and V(a, Q the eigensubspace of a in F with eigenvalue C,. Since a is 
regular, V{a,C) is not contained in any reflecting hyperplane for a e We 
say that a is L-regular if V{a, Q is not contained in any for a G ^ — '^l- If L is 
the torus T, all the regular elements are L-regular. But if L 7^ T, regular elements 
are not necessarily L-regular. For example, if L is not simple modulo center, regular 
elements in Wl' are not L-regular in many cases. In the case where L is simple 
modulo center, L-regular elements are classified as follows. 

Lemma 1.5. Assume that L is simple modulo center. 

(i) IfW is of type An, Bn, Dn, take L such that Wl is of the same type as W of 
rank m, and Wli is of type An-m-i- Then a regular element ofWi' of type 
(a) in 1.4 is L-regular. 

(ii) If W is of type G2, F4 or Eg, there does not exist L-regular elements for any 
L^T. 

(iii) Assume that W is of type Eq or E^. Let 11 = {ai, . . . , aj} (resp. {ai, . . . , ao}) 
be the set of simple roots in Ej (resp. in Eq) as in the figure. Take 
IIl = {ctfe, ak+i, . . .,ar} (resp. {ak, ctfc+i, . . . , ae}) for k > 3. Then Wl' 
is of type Aj or of type Aj + Ai for some j except the case where W is of 
type E'y and 11^, = {ay}, in which case 11^/ is of type D-^. In the former case, 
we choose a a regular clement of type (a) for type A, and in the latter case, 
we choose a a regular element of type (a) for type D in L4, respectively. 
Then a is L-regular. 

Proof If there exists /3 G <P — such that /? is orthogonal to Vl', then any regular 
element in Wl' cannot be L-regular. By direct inspections, one can find such (3 
unless L is the type given in (i), (iii) of the lemma. Assume that L is as in the 
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lemma, and let a be a regular element in Wl'- If Wl' is of type Aj or type Aj + Ai, 
then a regular vector v E V can be written explicitly, and one can check the L- 
regularity by direct inspections. If Wl' is of type D5 (in the case where W is of type 
Ef), a must be of type (a) (otherwise it is easy to see that a is not L-regular). But 
this element is nothing but the regular element in A^, and the checking is reduced 
to the previous case. The details are omitted. □ 

1.6. In what follows we consider a specific cychc group F e Nw{Wl), and 
u E L according to the following two cases. 



In this case, we assume that L is simple modulo center. We choose an L-regular 
element a G Wl', and put F = (a). Let e be the order of F. Thus F C Wl' and we 
have F x Wl C W. We take any unipotent element u E L. 

Case (b): Wl' = {!}• 

In this case, we assume that L is of type Xq + e{An^-i + • • • + ^nr-i) with Xq 
irreducible. We further assume that any f3 E ^ — not orthogonal to the root 
system e(A„j_i + • • ■ + (Note: since Wl^ = {!}, any irreducible component 

of the Dynkin diagram corresponding to 11 — IIx, consists of 1 or 2 nodes. The 
latter condition is satisfied for type B„ if all the irreducible components consist of 
one node, and for type An, Dn if the number of irreducible components having two 
nodes is at most 1.) 

We choose a E W so that a permutes each component Am-i in a cyclic way, 
and acts trivially on Xq. Thus a E ©em x • • • x &enrj and a is a product of disjoint 
cycles of length e. In particular, F — (a) C Niy(Wl), and the subgroup of W 
generated by F and Wl coincides with the scmidirect product F x Wl- Now L 
is isogenic to Gq x Gi x ■■■ x Gr modulo center, where Gq is of type Xq, and 
Gi ~ GLni X ■ ■ ■ X GLrn (e-factors). We choose a unipotent element u E L so that 
u corresponds to {uo,ui, . . . ,Ur), where uq E Gq is arbitrary, and Ui is a diagonal 
element in Gi, i.e., Ui — {vi, . . . ,Vi) with Vi E GL^ ion: i — 1, . . . ,r. 

We can state our main theorem, whose proof will be given in the next section. 

Theorem 1.7. Assume that G is defined over C. Let L be a Levi subgroup in G. 
Assume that a cyclic subgroup F of order e in Nw(Wl) and u E L are given as in 
1.4- Put Wl = r X Wl- Then the followings hold. 

(i) WL-module H*{B^) can be extended to a WL-module so that F x WL-module 
H*{B^Y'^'^ IS defined for any e-th root of unity (' . 

(ii) There exists a primitive e-th root of unity ( such that 



Case (a): Wl' 7^ {!}. 



(1.7.1) 



F-lnd'(j^^{H*{B^f^)c^H*{B^f^ 
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as r X W -modules. 



Remarks 1.8. (i) The extension of l^i-module H*{B^) to VTL-module is not 
unique. The theorem aaserts that the statement (ii) holds for some choice of exten- 
sion. 

(ii) The theorem asserts that (1-7.1) holds for some choice of primitive e-th 
root of unity C) but then it holds for any choice of primitive root of unity C^' . In 
fact, we can write Q' = for some j prime to e, and we have an automorphism r 
on r such that T(a) — . It follows from (1.7.1) that we have an isomorphism of 
r xW modules, where the action of F is twisted by r. It is easy to check that the 
twisted r X Ty-module r-lnd^^{H*{B^Y^^) is isomorphic to r-lnd^^{H*{B^Y^''^) , 
and similarly the twisted H*{Bu)^'^^ is isomorphic to H*{Bu)^'^'^- Thus (1.7.1) holds 
also for 

2. Proof of Theorem 1.7 

2.1. In the case where e = 1, Theorem 1.7 is nothing but the original induction 
theorem. So we assume that e > 2 in what follows. Since the structure of the W- 
module H'^{By) is independent of p provided that p is a good prime, it is enough 
to show the corresponding formula for an appropriate p. So, we assume that G is 
defined over Fp, of split type, with Frobenius map F. We assume that T <Z B are 
both F-stable, and that L C P are F-stable. Thus F acts trivially on W and on 
Wl- We first note that 

Lemma 2.2. Let a e Nw{Wl) and choose a e Ng{T) fl Ng{L). Assume that a e 
Zg{u). Then add stabilizes B^, and acts on H*{B!^) in such a way that a.dd{w) — 
awa~^ for w e Wl. 

Proof. Since a G Ng{L), a acts on B^ by the adjoint action add, which stabilizes B^ 
since d G Zg{u). Hence d acts naturally on H*(B^). In order to compare this action 
with the action of Wl, we shall recall the construction of Springer representations 
oIWl. Let 

L^{{x,gB)eLxB''\g-^xgeB}, 

and TT : L — > L be the first projection. Let be the set of regular semisimple 
elements in L. Then t:~^[Lj.) is isomorphic to 

Lf. ^ Tf X LjT.! 

where Tj. — T Lj.. Let ttq : — > Lj. be the map defined by ttq : (t, gT) i— > g^Hg, 
which coincides with the restriction of tt on under the identification 7r~^(Lr) ~ L^. 
Then ttq is an unramified Galois covering with group Wl, and for a constant sheaf 
on Lr, C = 7r^,Q; is a W^^-equivariant local system on L^.. Thus K = IC(L, C) is 
a ly^-equivariant complex on L, and it is known by Lusztig that K ~ ti^Qi. Thus 
for each u E L, the stalk Wu{K) at u of the i-th cohomology sheaf of K gives rise 
to aW^L-module//^(B^). 
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Now a acts on (resp. on Lr) by add : (t,gT) i— > {ata~^,aga~^T) (resp. 
add : a; I— > axa~^), and ttq commutes with add. Hence C becomes an d-equivariant 
local system. Since 7iQ^{t) = {{wtw'^,wT) \ w E Wl] for t E the stalk Ct has 
a natural structure of the regular PFi-module. Then the isomorphism Catd-^ ~^ A 
is given by add"-*^ under the identification Cx ^ QilVFi] for x E Lr- It follows that 
C is (d) Kl^i,-equi variant, where (d) is a cyclic group generated by d, and d acts on 
Wl by add(w) = awa~^. By the functoriality of IC functor, K turns out to be a 
d-equivariant complex on L under the adjoint action of d, which is regarded as a 
(d) K H^L-equivariant complex on L. Hence for m e L such that aua^^ = u, W^{K) 
has a structure of (d) ix l^i-module. 

On the other hand, d acts naturally on L and on L by the adjoint action, which 
commute with vr. Thus tt^Q; is d-equivariant, which is isomorphic to K as the 
complex with d-action. Hence the action of d on 7Y^(A') coincides with the action 
on H^{B^) induced from the adjoint action of a on B!^. The lemma follows from 
this. □ 

Next we show the following lemma. 

Lemma 2.3. There exists a representative a E Nc{T) n Ng{L) fl Zg{u) such that a 
acts trivially on H*{Bu) and that (f acts trivially on H*{B^). In particular, H*{B!^) 
has a structure ofW^-module. 

Proof. First consider the case (a) in 1.6. Let H be the subgroup of G generated by 
Ua with a E ^L', where is the root subgroup corresponding to a. Then H is 
a connected reductive subgroup of L' whose Weyl group coincides with Wl'. Since 
H C Zg{u), we have H C Zq{u). One can choose a representative d E Nh{Ti) of 
a E Wl', where Ti is a maximal torus of H contained in T. Then d E ZQ{u)nNG{L) 
and eTi. Since Ti C Zg{u), we see that Ti C Zl{u). Thus, d^ E Zl{u). Hence 
d satisfies the condition. 

Next consider the case (b) in 1.6. Let Li be the Levi subgroup containing L 
of type X„„ + Ae„^_i + ■ • • + A(,n,.-i. We have a natural projection tt : Li ^ Li = 
Li/Z°(Li), and an isogeny map 9 : Li = Gq x SL^ni x ■ ■ ■ x SL^n^ — > Li, where 
Go is the simply connected semisimple group of type Xq. Put u — 7r{u) E Li. Now 
Zl-^{u) acts on H*{Bu)- Since Z^{Li) acts trivially on H*[Bu), we have an action of 
Zli{u)/Z^{Li) — Zi^{u) on H*{Bu)- Let u be an element in Li such that 6{u) = u. 
u = (uo,ui, . . . ,Ur) can be chosen as given in 1.4. We choose d G Li as follows; 
put d = (oo, Oi, . . . , Or) with Oo E Gq, and a, E SL^m for 1 < i < r. We put 
ao — 1 and choose ai, . . . , so that E Z^^^^ {ui) and that E Z^SLgm)- Such a 
choice is always possible for Ui of type (n^, . . . , n^). Thus d E Z-^J^u). It follows that 
^(d) is contained in a connected subgroup of Zi^{ui), and by the previous remark, 
^(d) acts trivially on H*{Bu)- Now take d E Zl^{u) such that 7r(d) = ^(d). Then 
d E NG{T)r\NG{L), and acts trivially on H*{Bu)- On the other hand, similar to vr, 6, 
we have a map n' : L ^ L = L/Z^{L) and 9' :L = GoX {SL^.Y x • • • x {SLn^f L. 
Let u — Tr'{u) E L, and u E L such that u — 9'{u). Then we have an isomorphism 
H*{B^) ~ H*{BI) ~ H*{bI) compatible with the actions of Zl{u), Zi{u) and Zi{u) 
with respect to tt', 9' . We have d^ e Z{SLn^y x Z{SLn2y x • • • . Since the action of 
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Z{SLn^yxZ{SLn2Yx- ■ ■ can be extended to an action of Z(G'L„J^xZ(GL„2)^x- • • 
on H*{Bi), acts trivially on H*{Bi), and so acts trivially on H*{B^). □ 

2.4. Let Z = Z^he the identity component of the center of L. Put Bz = 
{B' e B \ Z C B'}. Then Bz is decomposed into connected components 

Bz^ U Bz,d, 
deWL\w 

where Bz,d — {^'^-B \ x E L}, which is isomorphic to B^ under the map B' i— > B'nL. 
Put 

^reg ={zeZ\ Z%{Z) = L}. 

Then for any t G 2^reg, we have Bt = Bz by Lemma 2.2 (c) in [L3], and so Btu — 
BunBt = BuHBz- It follows that 

Btu^ U iBz,d^Bu), 
deWL\w 

where Bz,d H Bu is isomorphic to B^ under the map B' t-^ B' (1 L. This implies that 
(2.4.1) H'^iBtu)^ H^^{Bz,d^Bu). 

d-^&W/WL 

The right hand side of (2.4.1) has a natural structure of the induced 1^-module 
hi(\^^H'^''{B^). It is proved in [L3, Proposition 1.4] that (2.4.1) is actually an 
isomorphism of 14^-modulcs. Let a G be as in the theorem. Since a G Ng{L), 
it stabilizes Z, and so a acts on Bz via add. It is easy to see that a induces a 
permutation action on the components of Bz', a : Bz,d ^ Bz,ad- It follows that 
a induces an automorphism on H^'^{Btu), which maps the factor corresponding to 
d-^ G W/Wl to d-^a-^ G W/Wl- Under the isomorphism H'^'^{Bz,d n Bu) ^ 
if^"(i3^), the factor corresponding to d~^ G W/Wl is written as d^^0H'^"{B^), and d 
maps d^^®H'^'\B^) d~^a~^®H'^'^{B'^). On the other hand, by Lemma 2.3, d^ acts 
trivially on H'^'^(B^), and induces an action of Wl on it. Hence d induces an action 
of To on //2"(Bt„) ~ Ind^^ ^^"(-B^), which is given by d : (g) x ^ d-^a'^ ® dx 
for each factor d-^ ® H^^'iB^)- 

Now we define an action of F on H*{Btu) by a : ,t (^"^d,x for x G H^'^{Btu), 
where dx is the action of /q on H'^"'{Btu) given as above. Since the action of d G G 
commutes with that of W, H*{Btu) turns out to be a T x 1^-module, which we 
denote by H*{Btu)^^^- The following lemma is immediate from the above discussion. 

Lemma 2.5. There exists an isomorphism of F x W -modules 

H*{Btu)^'^^c^F-lndZ,H*{B^fl 

In view of Lemma 2.5, in order to prove the theorem it is enough to show the 
following proposition. 
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Proposition 2.6. Under an appropriate choice of (a good prime) p, there exists an 
isomorphism of F x W -modules for any t e Z^., 

2.7. The remainder of this section is devoted to the proof of the proposition. 
We shall prove it by modifying the arguments in [L3]. By [Shi], [Sh2], [BS], the 
following fact is known; assume that G is simple modulo center. Then for each 
unipotcnt class C of G, there exists ui G G^, called a split unipotent element, 
such that F acts on H^^-^Bui) ^ scalar multiplication by p". (In the case where 
G is of type Es, we assume that p = I (mod 4)). Since the component group 
■^Giui) — Zo{ui) / Zq{ui) is isomorphic to ^3, 5*4, 6*5 or (2/22)*^ for some k, there 
exists a positive integer Sq (independent of p) such that F*" acts on iJ^"(i3„) by a 
scalar multiplication by p'^°"' for any unipotent element u of G^ (e.g., one can take 
So = I'S'sj.) Similarly, F^° acts on H^^\B^) by a scalar multiplication by p''"" for any 
unipotent element u & L^. Note that the isomorphism in (2.4.1) is F-equi variant. 
Hence F^° acts also as a scalar multiplication by p*"" for H'^^{Btu)- 

Note that a acts trivially on H'^^{Bu) by Lemma 2.3. It follows that one can 
write 

(2.7.1) TV ((F^d) V, H*{B^)) = ('n{w)p''\ 

n>0 

(2.7.2) TV {{w, a'), H*{Buf^) = «n(^)r, 

n>0 

for any w E W.O < i < e — 1 and for any positive integer s divisible by sq, where 
o>n{w) = Tr {w, H"'{Bu)) are integers for each n > 0. 

On the other hand, by the description of the action of F and of d on H"'{Btu) 
in 2.4, together with Lemma 2.5, one can write 

(2.7.3) Tr {{F^aYw, H*{Btu)) = ^ bn,iMp'''', 

n>0 

{2.7 A) Tr{{w,a'),H*{Btuf^) = Y,KMC\ 

n>0 

for w,i, s as above, where bn^i{w) are certain integers. 

For an integer x and a prime number /, we denote by mi{x) the multiplicative 
order of x in T^jVL^ i.e., the smallest positive integer m such that a;™ = 1 (mod /). 
The following is a key for the proof of Proposition 2.6. 

Lemma 2.8. Assume thatp = 1 (mod 4). Let Sq, e be fixed positive integers coprime 
to p. Then there exist infinitely many prime numbers I satisfying the following 
properties. 

(i) mi{p^) — e for a certain integer s divisible by sq. 

(ii) I — 1 is divisible by e. 
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Proof. By our assumption, the image of SqC on Fp — Z/pZ is non-zero. Hence the 
map X I— > soex+ 1 induces a bijectivc map on Fp. Thus there exists c e Z such that 
the image of Sqcc + 1 in Fp is contained in F* — (F*)^. Put a = sqcc + 1. Then a 
is prime to p, and so {a — l)p and a are coprime each other. Then by Dirichlet's 
theorem on arithmetic progression, there exist infinitely many prime numbers I of 
the form / = n{a — l)p + a for some positive integer n. It is enough to show that 
these / > 3 satisfy the assertion of the lemma. For an integer a and a prime number 

p, let (-) be the Legendre symbol, i.e., 

if a;^ = a (mod p) for some x e Z, 



(-)= . 
p —1 otherwise. 



We show that 



(2.8.1) (^) = -1. 

In fact, by the quadratic reciprocity law (e.g., [Se]), we have 

(f)(-)=(-l)--- = l. 

The second equality follows from the assumption that p = 1 (mod 4). Hence we 

have (y) = (-). But I = a (mod p), and so (-) = (— ) = —1 since the image of a 

I p p p 

is not contained in Fp by our choice of a. Hence (2.8.1) holds. 

Now (2.8.1) is equivalent to p^^'^^^^ = —1 (mod /). It follows that mi{p) = 1 — 1. 
Since I — 1 = soec{np +1), we see that mi{p^) = e for s = SQc{np + 1) and that 
Z — 1 is divisible by e. Thus this I satisfies the assertion of the lemma. The lemma 
is proved. □ 

2.9 For given integers Sq ^ 1; e > 2, we choose a prime number p such that 

p is not a factor of e, Sq and that p = 1 (mod 4), and fix it once and for all. For 
a multiple s of Sq, put F' = F^a and q = p*. Under the setting in 1.6, we shall 
describe the set Zj-^g more precisely. As in [L3, Lemma 2.2], Zj-eg can be written as 
Z^eg = Z — \J^keic(P\z), where /3 runs over all the roots in $ — {P\z gives a 
non-trivial character of Z ioi j3 ^ $ — 

First consider the ). Let L'dcr be the derived subgroup of L', and S' be the 

split maximal torus of L'^er contained in T. Then S' C Z. Put S^^g = S'nZj-cg- Now 
Wl' leaves the set ^-^^ invariant. For each (3 e ^-^l, put Hp = fixer ker(a;(/3) I5'). 
Then Hp is an F'-stable subgroup of 5", and we see that 

(2.9.1) < = U <■ 

Hp is a closed subgroup of 5", and we put ep = \Hp/Hp\ for each (3 E ^ — ^l- 
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Let V be the set of all prime numbers I satisfying the condition in Lemma 2.8. 
Thus V' is an infinite set. We denote by V the subset of V' consisting of I such that 
I > \<1> — and that / does not divide ep {(3 & $ — Thus V is an infinite set 
also. 

Next we consider the case (b) . We may assume that G has a connected center of 
dimension 1, and that the derived subgroup of G is simply connected, almost simple. 
Let k be an algebraic closure of F^. Wc sec that there exists a subtorus S oi Z such 
that S ~ {k*Y, where c is the number of irreducible components of Since a 
permutes the factors k* in 5", we see that S^' ~ (F^e) " X (F^)'-', where r' is equal to 
1 or according to the cases where Xq is non-empty or empty. Since F C Nwiy^h), 
r preserves the set ^-^l. For each (3 e^-^i, put Kp = f]^^pker{x{P)\s)- Then 
Kp is an F'-stable subgroup of S, and we have 

(2.9.2) C = U <' 

where ^rcg = 5* n ^rcg. Kp is a closed subgroup of S, and put ep = \Kp/K^p\ for 
each P e <P - -Pl- Under the identification S^' ~ (F*e)'' x (F*)**', we sec that 
K'^/' ~ (F^e)"-^ X (F;)'-' or K'^/' ~ F*^, x (F^e)""^ x (F*)''', where e' is a proper 
divisor of e. (Let Si be the subtorus of 5" corresponding to the factor eA„._i for 
i — 1, . . . ,r. Then the former case occurs if P\si, l3\sj are non-trivial for some i ^ j, 
and the latter case occurs if (3\si is non-trivial for only one i. Note that by our 
assumption in 1.4, (3 is non-trivial on x • • • x Sr-) 

Let V' be as in the case (a). We define a subset V of V' as the set of prime 
numbers I e V' such that I > \^ — and that I does not divide ep. 

The next lemma is a variant of Lemma 3.4 in [L3]. 

Lemma 2.10. Assume that I e V, and let s be a multiple of sq such that mi{p^) — e 
(see Lemma 2.8). Put F' — F^a. Then there exists t e Zj-^g such that F'{t) — t and 
that = 1. 

Proof. First consider the case (a) in 1.6. It is enough to show, for each / G V, that 

fF' 1 

there exists t E S such that t = 1. Note that a is a regular element of order e 
in Wl'. Put V = R ®z X[S'). Thus Wl' acts on V as a reflection group. Let C, 
be a primitive e-th root of unity, and let a(e) be the dimension of the eigenspace 
V{a, C) <ZV ol a with eigenvalue C,. We show that 

(2.10.1) ^{t e S'^' \ t^ = i} = r(^). 

By a general formula, we have \S'^ \ — \ dety(gf/ — a)\ — Pa{q): where Pa{x) is 
the characteristic polynomial of a e Wl'. Since a is regular Pa{x) can be written, 
by [Spl, 4.2], as 

Pa{x)=<P,{xr^'^$'{x), 

where $e{x) is the cyclotomic polynomial of degree e, and $'{x) is a product of 
cyclotomic polynomials <?e'(^) with e' < e. By our assumption mi{q) = e, ^dQ) is 
divisible by I, and ^'{q) is not divisible by I. This means that each minimal F'-stable 
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torus M of S' corresponding to the factor ^e{x) contains an element of order I. Since 
{t e M^' I = 1} C F*e, M^' contains exactly I elements t such that = 1. Thus 
(2.10.1) is proved. 

For /3 G — <?L, let be the subspace of V which is orthogonal to x{P) for 
all X E r. Then Vp can be identified with R (8)z ^{Hp). F stabilizes V^, and let 
Vg(a, C) be the eigenspace of a on Vg with eigenvalue C- Since a is L-regular, we 
have dim Vg{a, () < dim V{a, () = a{e). It follows that the characteristic polynomial 
Paix) of a on Vfj contains the factor 'Pei^) with multiplicity less than a(e). By a 
similar argument as above, minimal F'-stable subtori of corresponding to Pe{x) 
only contain elements of order I. This implies that 

^{t e H^' \t' = l} = ^{t e Hl^' - 1} < I'^^'^-K 

It follows, by (2.9.1), that 

> r(^) - 7Vr(^)-^ = r(^)-i(/ - TV), 

where = \^ — Since Z > A?" by our assumption, there exists t e 5"^g such 
that = 1. This proves the lemma in the case (a). 

Next consider the case (b) in 1.6. It is enough to show, for each / G V, that 
there exists t G S'^g such that = 1. We note that q'^ — 1 is not divisible by / for 
any divisor e' < e of e by the assumption mi{q) = e. Since S^' ~ (F*e)'' x (F*)'"' 
(cf. 2.9), we have 

l{t G 5^' \ t' = i] = r. 

We consider Kp given in 2.9. By the discussion in 2.9, we have 

tl{t G A-f I t' = l] = tl{t G Kf I t' = l] = r-\ 
It follows, by (2.9.2), that 

tt{tG5,^,|t' = l}=tJ{tG5^'|t' = l,t^ U <} 

where N is as before. Since i > by our assumption, the lemma holds also for the 
case (b). □ 

We need the following lemma due to Lusztig. 

Lemma 2.11 ([L3, Lemma 3.2]). Let H be a finite group, and 4> a virtual character 
of H (over afield of characteristic 0). Assume that(f) is integral valued. Letx,y G H 
be such that xy — yx and y^ — 1 for a prime number I. Then (f){xy) — 0(x) G iZ. 
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2.12. Let So be as in 2.7, and V be as in 2.9. Let F' — F^a be as in Lemma 
2.10 for a fixed / G V. Let Rw,i = Rt^{1) be the Deligne-Lusztig's virtual character 
of G^" for i = 1,... , e, where T„, is an F'*-stablc maximal torus of G corresponding 
to w e ~ W{Ti) (here W{Ti) = Ng{Ti)/Ti for an F'-stable pair Ti C Bi). Let 
us choose t e Zreg as in Lemma 2.10. Then we have 

(2.12.1) Tr {F"w, H*{B^)) = Tr {u, R^,^), 

TriF"w,H*{Btu)) ^Tr itu,R^,i). 

We remark that (2.12.1) was proved in [L2] under the assumption that p'^ is large 
enough (which is determined only by the data of the Dynkin diagram of G) . Thus 
if we replace Sq in 2.7 by a suitable large number, the result in [L2] is applicable. 
One can also apply [Sh3, Theorem 2.2] instead of [L2], where the restriction on 
is removed. 

Since Rw^i are integral valued, one can apply Lemma 2.11 for H — G^' and 
X — u,y — t. Hence we have 

Tr {u, Ryj^i) = Tr {tu, Ryj^i) mod IZ. 

It follows from (2.12.1) that 

(2.12.2) Tr {F''w, H*{B^)) = Tr {F''w, H*{Btu)) mod IZ. 

Let Co be a fixed primitive e-th root of unity in C, and R the ring of integers 
of the cyclotomic field Q(Co)- Let X be the set of non-zero prime ideals p in i? such 
that p contains one of the numbers 1 — Q for i = I, . . . , e — 1 and ^o- Let T be the 
set of prime numbers I such that p n Z = ZZ for p e T. Since T is a finite set, T is 
a finite set. So, V —T is an infinite set. Let J be the set of prime ideals p ol R 
such that p n Z = ZZ with / G P — X. Then is an infinite set. Now R/p is a finite 
extension of F;. Let Co be the image of Co in R/p. Since / G / — 1 is divisible by 
e. Hence Co ^ F^*, which has order e by our choice of p. Since mi{p'^) = e, the image 
of in Z/IZ has order e. Hence there exists j such that 

(2.12.3) f - Q G p. 

Note that the number j is determined by the choice of p, which we denote by j(p). 
For j = 1, .... e — 1, let J'j be the set of prime ideals p in ^T" such that j{p) = j. 
Thus J' = [JjJ^j, and so there exists Jq such that J'q = J'j^ is an infinite set. We 
put C = Co°- By (2.12.3), C is a primitive e-th root of unity. 

We remark that H*{Btu) = H*{Bu^Bz) is independent of the choice of t G -2reg- 
Then in view of (2.7.1) ~ (2.7.4), together with (2.12.3), we see that 

Tr {{F'aYw, H*{B^)) = Tr ((w, a'), H*{B^)^^) mod p, 
Tr ((F^d)V, H*{Bu n Bz)) = Tr {{w, a'), H*{Bu n Bz)''^^) mod p 
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for any p G Jb- Combined with (2.12.2), we have 

Tr {{w, a'), H*{B^Y^^) = Tr {{w, a'), H*{Bu n 82^^^) mod p 
for p E Jo- Since Jo is an infinite set, we conclude that 

Tr {{w, a'), H*{B^f^) = Tr {{w, a'), H*{B^ n B^f^). 
Hence Proposition 2.6 is proved, and the theorem follows. 

3. Applications 

3.1. Let Wl be the subgroup of W, and F the subgroup of W generated by a G 
Nw{Wl) such that F and Wl generate the semidirect product group Wl = F \x Wl- 
Let V = 1/^^) be the F x W^L-module as in 1.3. (We write F as Fq if it is regarded 
as a subgroup of Wl, cf. 1.3.) Then V can be decomposed as = ©jgz/eZ 

where V^'^'^ is the eigenspace of a G r' with eigenvalue (\ which is a PVi-submodule 
of V. Then we have 

* w£W/Wl 

where bk — C'^'^t*'' ^ (the group ring of F). For each i G Z, let ^'^'^ the hnear 
character of F defined by ip^'^^a) — C- Then T-module Cbk is afforded by 
Let Vri'^ be the eigenspace of a G /q on the l^L-module V^"^^ with eienvalue C"- Let 
(r-lnd|;|;^y)('^) be the eigensapce of a G r' with eigenvalue Then we have the 
following lemma. 

Lemma 3.2. (i) Let the notations be as above. We have 

(3.2.1) (r-ind|t:^v^)('=)^ 0^ ® v;(^) 

wGW/Wl :'eZ/eZ 0<n<e 

as vector spaces. In particular, dim(r'-lnd^^ ^(C))('=) ^5 independent of the 
choice of k E Z/eZ, which is given by 

(3.2.2) dim(r-Ind|^^ V)^''^ = [W : Wl] dim V. 
(ii) Assume that F commutes with Wl. Then we have 

(3.2.3) (r-ind|:i:^ v^)« ^ indi^;^j^(-'=+^-)®yo-)) 

jez/ez 
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as W -modules. 

Proof. Under the action of F on r'-lndj^^ V ., whk®Vn^ is contained in an eigenspace 
of a with eigenvalue Then (i) follows easily from the discussion in 3.1. Now 

assume that F commutes with Wl. Then h]^ ® K*^*^ has a structure of -T x W^- 
module given by ij)'^^^^ ® V^'^\ (ii) follows from the formula (3.2.1) by noticing that 
= ^0*^*^ The lemma is proved. □ 

We consider a Levi subgroup L G G and a unipotent element u ^ L, and take 
F ={a) G Nw{Wl) satisfying the condition in 1.6. We apply the preceding argument 
to the situation K^^^ = H*{B^)^^\ Then corollary to Theorem 1.7, we have 

Proposition 3.3. Under the setting in Theorem 1.7, we have, for Q < k < e — 1, 

(3.3.1) H'-{B^)^ 0^ ^6,_„_,®i/2^(S„^)„ 

n=k mode wSW/Wl^^'^I^'^'^—'"'^^ 

as vector spaces, where hi G C>[F] and H^"'{B^)n is the eigenspace of a E Fq with 
eigenvalue C'' ■ In particular, dim{^^^i^ mod e -^^"('^«)) is independent of the choice 
of k. In the case (a) in 1.6, (3.3.1) can be made more precise as follows; 

(3.3.2) H'-{B^) Ind?;^, ( ® H'^{B'j) 

n=k mod e \eZ/eZ ^ 

as VT-modules. 

Proof By Theorem 1.7 T-lndj^^ iy*(i3^)K) is isomorphic to i/*(i3„)(«) as F xW- 
modules. Since {H* {By)^^^Y^^ = 0^^^ mod e ^^''('^«)' corollary follows from 
Lemma 3.2. □ 



Remarks 3.4. (i) In the case where u = 1, the cohomology ring H*{Bu) = II*{B) 
coincides with the coinvariant algebra R of W. In the special case where G is of 
type An-i, i.e., W ~ 6„, we consider Wl — &n-re for 1 < e < n. Then Wl> ~ <&re, 
and if we choose a regular element a G Wl' as a product of disjoint cycles of length 
e. Proposition 3.3 can be applied. This recovers the formula obtained by Morita 
and Nakajima [MNl]. 

More generally, consider the Weyl group W acting on the real vector space V 
as the reflection module. For v E V, let W„ be the stabilizer of v in W, and A^^, 
the stabilizer of the line in W . Note that is normal in A^^, and coincides 
with Wl for a certain Levi subgroup in G. Then for any F = (a) such that F C A^„, 
Bonnafe, Lehrer and Michel [BLM] have proved a similar formula as in Proposition 
3.3. So our formula (3.3.2) can be regarded as a special case of theirs. (Note that 
they treat a more general case, where Vl^ is a complex reflection group and F is not 
necessarily cyclic, in a framework of coinvariant algebras.) 

(ii) We consider a unipotent element m G L in the case where G = GL^. u E G 
can be written as = by a partition = (P^i, 2"*^^ . . . ^ 77,™") of n. Take a 
positive integer e > 2, and let / be a subset of {1, ... , n} such that e < mj for i G /. 
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We consider a Levi subgroup L of type Xq + eX^jg/^i-i; where Xq — Ak with 
k = "^if^j iiTii + Xliej ^(^« — e) — 1. Then we have Wli = {1}, and one can choose 
u E L so that it satisfies the assumption of the case (b) in 1.6. Thus Proposition 
3.3 can be apphed. This covers the results on the stability of dimensions obtained 
in [MN2], [MN3], where they considered the case |/| = 1 or the case all the rrii are 
divisible by e. 

Returning to the general setup, we consider the case where m is a regular unipo- 
tent element in L. Then H*(B^) = H^{B^) ~ C is a trivial W^^-module. Thus 
Proposition 3.3 implies the following. 

CoroUciry 3.5. Let G be a simple algebraic group modulo center, and L a Levi 
subgroup in G. Let u be a regular unipotent element in L. Let F — (a) be a subgroup 
of Nw{Wl) of order e satisfying the conditions in 1.6. Then for /c = 0, . . . , e — 1, 
we have 

i/2"(B„)c.Indr,^^^(-^) 

n=k mod e 

as W -modules, where ip^'^^ is the character of F ^ Wl obtained as the pull back of 
^(-fe) ufid^f ffiQ projection F k Wl — >■ F. 

Proof. In the ), the assertion follows from (3.3.2). So we consider the case 

(b). In the setup of 3.1, V'-*-' is a trivial W^L-module C for i = and zero otherwise. 
Then we see that V^^^ = Vq^\ and 6^ ® V^*-*^-* has a structure of FF^-module ip'^~^\ 
The assertion follows from the formula in 3.1. □ 

3.6. Let G be a simple algebraic group defined over with Frobenius map 
F. We assume that G^ is of split type. The Green function Qt^ is defined as the 
restriction of the Dehgne-Lusztig's virtual character -Rr„(l) to the set of unipotent 
elements in G^ . We assume that p = ch F^ is good, and in the case where G is of 
type i?8, we further assume that g = 1 (mod 4). Then as explained in 2.7, for each 
unipotent class G of G, there exists a split element u e G^ . As in 2.12, we have 

(3.6.1) QtM = J]lV(^,//2"(B„))g". 

n>0 

Hence there exists a polynomial Qw,c{x) ^ Z[a;] such that Qt^{u) = Qw,c{q)- 
Concerning the values of Green functions at root of unity, we have the following. 

Proposition 3.7. Suppose that G,L and u E L are as in Corollary 3.5. Then we 
have 

(3.7.1) QwMC) = I^lI-'H^ e W I x-'wx e aW^} 

for j — 0, . . . ,e — 1. In particular, the value Qw,c{C) independent of the choice 
of a primitive e-th root of unity C'- 
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Proof. Put Ci{w) ^^{x eW \ x~^wx E q'-Wl} for i = 0, . . . , e - 1. Then 

e-1 

e-1 
i=0 

It follows, by (3.6.1) together with Corollary 3.5, that 

e-1 

Q.,c{Cn = E E Tr {w, H'-{B^)) 

k=0 n=k mod e 

e-1 e-1 

^irxiy^l-^E^'HEC^'"^' 

i=0 fe=0 
= \WL\-'c,iw). 

Hence we obtain the formula (3.7.1). Let be a primitive e-th root of unity. There 
exists an element r G Gal(Q(C)/Q) such that t{Q = . By (3.6.1), we see that 
QrvAO e Q(C) and that r(Q^,c(C)), = Qrv,c{C')- But since Q^,c(C) e Z by (3.7.1), 
we conclude that Q«,,c(C) — Qw,c{C^)- This proves the proposition. □ 

Remark 3.8. In the case where G = GLn and L is of type Am-i + ■ ■ ■ + Am-i 
(e-times) with n = em, take a regular unipotent element u in L. Then u = E G 
with /i = (m^). For w G 11^ = &n, let A(w) = (l'^, 2'^, . . . ) be the partition of 
n corresponding to the cycle decomposition of w. Then one can show by a direct 
computation (cf. [M, (6.2)]) that 

^KXM) iie\k for aU i, 
otherwise, 

where 1{X) is the number of parts for a partition A. Thus we recover the formula 
in [LLT, Theorem 3.2, Theorem 3.4] concerning the values of Green polynomials of 
GLn at roots of unity. 

3.9. We give some more examples where Proposition 3.3 can be applied. 

(i) Assume that G is of type Bn and L is a Levi subgroup of type Bm with 
m < n. Then L' is of type An-m-i- For any u E L and a divisor e of n — m, the 
proposition can be applied. Similar results hold also for C„ or D„. 

(ii) Assume that G = Sp2n- Then a unipotent element u E G can be written 
as M = as an element of GL2n, where n = (1™"!, 2"^^, . . . ) is a partition of 2n such 
that rrii is even for odd i. Take an even integer e > 2, and let / be a subset of odd 
integers {l,3,...,2n — 1} such that e < mj for i G /. We consider a Levi subgroup L 
of type Xo+e Y^-^j A-i, where Xq is of type with 2k = J^i^i imi+Yliei^i'^i~^)- 



\Wl\~^^{x E W I x-'^wx E qWl} 
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Then Wl' — {1}, and as in Remarks 3.4 (ii), one can find u E L so that the case 
(b) in 1.6 can be appUed. Similar results hold also for type Bn and D„. 

(iii) Assume that G is of type E^, and choose L of type A2 so that L' is of type 
A4. Take any unipotent element u E L. Then the proposition can be applied with 
e = 5. 
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